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In recent years, dielectric elastomers have received increasing attention due to their unparalleled large
strain actuation response (>100%). The force output, however, has remained a major limiting factor for
many applications. To address this limitation, a model for a ﬁber reinforced dielectric elastomer actuator
based on the deformation mechanism of McKibben actuators is presented. In this novel conﬁguration, the
outer cylindrical surface of a dielectric elastomer is enclosed by a network of helical ﬁbers that are thin,
ﬂexible and inextensible. This conﬁguration yields an axially contractile actuator, in contrast to unrein-
forced actuators which extend. The role of the ﬁber network is twofold: (i) to serve as reinforcement to
improve the load-bearing capability of dielectric elastomers, and (ii) to render the actuator inextensible
in the axial direction such that the only free deformation path is simultaneous radial expansion and axial
contraction. In this paper, a mathematical model of the electromechanical response of ﬁber reinforced
dielectric elastomers is derived. The model is developed within a continuum mechanics framework for
large deformations. The cylindrical electro-pneumatic actuator is modeled by adapting Green and Adkins’
theory of reinforced cylinders to account for the applied electric ﬁeld. Using this approach, numerical
solutions are obtained assuming a Mooney–Rivlin material model. The results indicate that the relation-
ship between the contractile force and axial shortening is bilinear within the voltage range considered.
The characteristic response as a function of various system parameters such as the ﬁber angle, inﬂation
pressure, and the applied voltage are reported. In this paper, the elastic portion of the modeling approach
is validated using experimental data for McKibben actuators.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Dielectric elastomers are large strain electroactive polymers
that exhibit the largest voltage-induced deformations in their
material class (Bar-Cohen, 2004). Using this material, low cost,
lowmodulus transducers are easily assembled and can be operated
either as pressure/strain sensors or as actuators. A plane dielectric
elastomer sheet with surface electrodes will extend in area and
contract in thickness when a voltage is applied (see Fig. 1). The
electric ﬁeld ‘causes’ an electrical force of attraction between the
electrodes and the mechanical compliance of the elastomer sepa-
rating the conducting layers facilitates the thickness reduction.
Due to the incompressibility of the elastomer the thickness reduc-
tion is accompanied by an areal expansion. Most of dielectric elas-
tomer research has concentrated on experimental performance
and design (Kornbluh et al., 2000; Pei et al., 2004; Pei et al.,
2003; Pelrine et al., 1998; Pelrine et al., 2000a; Pelrine et al.,
2000b; Pelrine et al., 2002; Sommer-Larsen and Kofod, 2002;
Wingert et al., 2002). Pelrine et al. were the ﬁrst researchers to ex-
ploit the electrostatic effect to develop compliant actuators. Theirll rights reserved.
: +1 540 231 2903.most notable contributions have been in designing novel actuator
conﬁgurations and improving various performance characteristics.
Early analytical and or numerical models were limited to the sim-
ple loading case of uniaxial extension of rectangular ﬁlms (Choi
et al., 2002; Kofod, 2001). Linear analytical models were con-
structed by Pelrine et al. and Kofod. Kofod also developed a model
where the elastic stress was determined using Hookean, NeoHook-
ean, and Ogden material models (Kofod, 2001). Begley conducted
experimental and theoretical analyses of dielectric elastomers fab-
ricated using ultra thin metal electrodes, focusing on electrode
crack spacing (Begley et al., 2005). Mathematical models have been
developed for the uniaxial extension of cylindrical tubes (Carpi and
de Rossi, 2004), and bending and extension of cylindrical roll actu-
ators (Pei et al., 2003). Both models assume a linear elastic consti-
tutive response whilst acknowledging that a more accurate model
could be obtained by accounting for material nonlinearities. These
models correlate well with experimental data for solutions ob-
tained within the limit of small strains. Bhattacharya et al. outlined
a more comprehensive methodology that blends ﬁnite elasticity
and electrostatics in treating actuators with an externally applied
electrical force system (Bhattacharya et al., 2003).
So far, most actuation conﬁgurations take advantage of the
extensional response. For those applications where a shortening
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Fig. 1. Actuation response of a planar dielectric elastomer actuator.
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current conﬁgurations are somewhat limiting due to the inability
to contract and the low force output. Contractile actuators most
closely mimic natural biological muscle and are being investigated
for applications in soft robotics, ﬂexible surgical tools, and pros-
thetic applications where large deformations and quick response
times are important.
There are two conﬁgurations for dielectric elastomers that use
linear contraction modes to perform useful work. The ﬁrst conﬁg-
uration consists of a multilayered stack conﬁguration that con-
tracts in the thickness direction, the layers are connected
mechanically in series and electrically in parallel (Pelrine et al.,
1998). The second more recently investigated construct is the heli-
cal dielectric elastomer actuator proposed by Carpi et al. (Carpi
et al., 2005). The former conﬁguration requires long assembly
times and is more prone to electrical shorting and the latter,
although elegant, involves a complicated manufacturing proce-
dure. For un-reinforced cylindrical conﬁgurations, the electro-
mechanical response consists of axial elongation and radial
contraction (Carpi and de Rossi, 2004; Pelrine et al., 1998). In this
paper, a theoretical model is developed to analyze the deformation
response of ﬁber reinforced dielectric elastomers, which are capa-
ble of (1) a shortening actuation mode and (2) a higher force out-
put when compared with unreinforced dielectric elastomers.
Oftentimes, dielectric elastomers are compared to and proposed
as future replacements of natural muscle or the McKibben pneu-
matic actuator (Bar-Cohen, 2002; Chou and Hannaford, 1996).
McKibben actuators were ﬁrst developed in the 1950’s for an
orthotic limb system. The actuation mechanism of McKibben actu-
ators, referred to as artiﬁcial or pneumatic muscle, yields an axially
contracting actuator. McKibben actuators consist of a rubberlike
cylindrical bladder that is enclosed by an inextensible thread shell.
Application of an internal inﬂation pressure results in axial con-
traction and radial expansion, which can be used to lift an applied
load (Chou and Hannaford, 1996). So far, McKibben actuators have
been conﬁgured for a variety of functions using different kinematic
arrangements for example as antagonistic actuator pairs (Reynolds
et al., 2003). Various models of the pneumatic actuator have been
proposed over the years (Chou and Hannaford, 1996; Klute, 2000;
Klute et al., 1999; Repperger et al., 1997; Reynolds et al., 2003;
Schulte, 1961; Nakamura et al., 2003). These actuators have been
chieﬂy investigated for applications in robotics, prosthetics, and
orthotics (Kopecny, 2003; Mangan et al., 2002; Mangan et al.,
2005; Takuma et al., 2004; Vaidyanathan et al., 2000).
Drawing on the mechanics of McKibben actuators, dielectric
elastomers can be conﬁgured in a novel way resulting in axial con-
traction, by reinforcing the elastomer with inextensible ﬁbers and
applying a pressure preload. It should be noted that the voltage-in-
duced deformation of dielectric elastomer actuators is both quicker
and more precise than that of the more difﬁcult to control pneu-
matic McKibben actuator (Reynolds et al., 2003). Pressure control
is also not ideal due to the weight of the pressure source which
cannot be supported by the actuator. The focus of this work isthe electromechanical response of a ﬁber reinforced cylindrical
dielectric elastomer actuator subject to a constant inﬂation pres-
sure and a variable voltage. The main experimental challenges
for the proposed actuator are twofold: (i) fabricating the ﬁber
weave with an appropriate compliance match for the dielectric
elastomer actuators, and (ii) integration of the ﬁbers with the actu-
ator given the current electroding technology used for dielectric
elastomers.
The model development in this paper is based on the develop-
ment by Adkins and Rivlin for the large deformation response of
ﬁber reinforced cylindrical membranes (Adkins and Rivlin, 1955).
This approach was adapted by Kydoniefs (Kydoniefs, 1969b) and
later on by Matsikoudi-Iliopoulou (Matsikoudi-Iliopoulou, 1987)
for a surface of revolution reinforced with a single ﬁber family,
essentially a cylindrical conﬁguration with tapered ends. Liu and
Rahn used this approach to model McKibben actuators (Liu and
Rahn, 2003). The membrane model is sensitive to the elastic stored
energy function chosen to describe the behavior of the elastic tube.
Rivlin and Saunders have commented accordingly. We have found
that if the Mooney–Rivlin constants are determined from the elas-
tic tube, then the correlation with experimental data although not
numerically exact, captures the experimental trends very well and
is therefore a very useful analytical tool. The modeling procedure is
validated by a comparison with experimental data for the response
of McKibben actuators (when the applied voltage is zero). The
model results coincide well with the data. This paper further com-
bines Green, Adkins and Rivlin’s work on the deformation mechan-
ics of elastic membranes with Maxwell–Faraday electrostatics to
describe the deformation response of ﬁber reinforced dielectric
elastomer actuators (nonzero voltage). Speciﬁcally, the new consti-
tutive relations reﬂect a dependence on the square of the electric
ﬁeld and the dielectric constant of the elastic membrane. Here
the response is limited to cylindrically symmetric deformations
of an actuator reinforced with two ﬁber families. The ﬁber layer
is coincident with the outer cylindrical surface of the dielectric
elastomer. The numerical model calculates the actuation force,
for a given contraction state, as a function of the inﬂation pressure,
braid angle, material properties, and applied voltage.
2. Theoretical model
In our previous work, a nonlinear large deformation model of
dielectric elastomer membrane actuators was developed (Goul-
bourne, 2005). In this paper, a theoretical analysis of a new short-
ening actuation mode for dielectric elastomers is conducted. The
theoretical approach predicts the relationship between pressure,
contraction force, and voltage. The model is consistent with the
approach of Adkins and Rivlin (1955) and Green and Adkins
(1970) for modeling the response of cylindrical elastic tubes rein-
forced with a network of inextensible ﬁbers. In their work, the gen-
eral expressions for simple extension, pure inﬂation, and
simultaneous extension, torsion, and inﬂation were analyzed. The
theory has since been adapted by various authors to obtain numer-
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tubes (Kydoniefs, 1969a; Kydoniefs, 1969b; Kydoniefs, 1970). Here,
a mathematical model for the simultaneous shortening and inﬂa-
tion of a ﬁber reinforced cylindrical dielectric elastomer is derived.
The inner surface of the cylindrical actuator is subject to an inﬂa-
tion pressure, while a voltage is applied across the membrane
thickness. The actuator’s work capability is evaluated by calculat-
ing the work done in lifting an axial load.
This model incorporates braid geometry, elastic material prop-
erties and the Maxwell stress effect; the main components are sys-
tematically discussed in the following six sub-sections. The mode
of operation, model assumptions, and geometrical relations are de-
scribed in the ﬁrst three sub-sections. In the remaining sub-sec-
tions, the ﬁber geometry, tension, and resultant forces on the
composite are derived.
2.1. Principle of operation
In this section, the principle of operation of the reinforced
cylindrical dielectric elastomer is described. Consider a cylindri-
cal tubular structure capped at both ends in such a way that
air pressure can be supplied to the internal bladder via one of
the ends; a mechanical load is applied to the other end. The in-
ner and outer cylindrical surfaces are coated with compliant
electrodes and an electric ﬁeld is generated across the effective
thickness of the tubular structure. An external mesh or network
of inextensible ﬁbers is then placed over the dielectric elastomer
from end to end to complete the construct. In this analysis, the
cords describe a helical path around the main axis of the cylin-
der as illustrated in Fig. 2. In the proposed conﬁguration the
actuator is modeled as supporting a load applied at one end of
the axial axis. It is assumed that during the deformation the
structure remains uniformly cylindrical, this being true for the
portions not immediately adjacent to the caps. The addition of
ﬁbers (as well as the internal pressurization) enables the actua-
tor to support higher axial loads (for example) than previously
possible without ﬁber reinforcement.
An applied voltage generates an electrostatic response between
the compliant electrodes, which is called the Maxwell stress effect
in this work. Previous experimental investigations conﬁrmed that
the electrodes are truly compliant and are treated as such in the
model (Fox and Goulbourne, 2006). In its perceived mode of oper-
ation, the reinforced cylindrical actuator will shorten along the ax-
ial axis when a simultaneous voltage and constant inﬂation
pressure is applied. Pressure is not used to actuate the assembly
and is held constant in the actuation cycle. It is of course possibleFig. 2. (a) Schematic of a reinforced dielectric elastomto vary the pressure, the voltage, or both to yield multiple actua-
tion schemes.
2.2. Model assumptions
In this analysis, the elastomer is assumed to be an isotropic,
incompressible, and nonlinear elastic polymer material. The
elastomer is a low modulus (linear modulus between 1 and
100 MPa) compliant material that can undergo large strains
without tearing. Polymers commonly used in making dielectric
elastomer actuators include silicone rubber ﬁlms (available in
two part solutions from NuSil) or polyacrylate ﬁlms (available
from 3 M). Numerical solutions are generated for braided ﬁbers
wound around the cylindrical external surface of the dielectric
elastomer. Solutions can be obtained for alternative ﬁber place-
ments within the elastomer itself by making suitable adjust-
ments to the model. The ﬁbers are assumed to be very thin,
inextensible, and placed fairly close to each other. Thus, the ﬁ-
bers are considered to form a surface that can be treated as a
shell of negligible thickness. Typically, an unreinforced cylindri-
cal actuator lengthens when an electric ﬁeld is applied (Carpi
and de Rossi, 2004). In the proposed conﬁguration, the ﬁbers
restrain the extensional behavior of the dielectric elastomer.
Since the model calculates the ﬁber tension for a given defor-
mation state, suitable (high modulus) ﬁber materials can be
chosen on the basis of maximum axial loads.
In the next section, relevant geometrical and constitutive
equations are derived. Only cylindrically symmetric conﬁgura-
tions are considered in the undeformed and deformed states.
Practically speaking this is only true for sections of the active
cylinder not close to the capped ends. Extension of the theory
to account for the deformation near the constrained edges is
fairly straight forward as long as all variables are functions of
the arc length.
2.3. Constitutive equations for the dielectric elastomer
In this section, a standard continuum mechanics approach
consistent with the work of Green, Adkins, and Rivlin is used
to derive the constitutive equations. Customarily, a material
point in the undeformed and deformed material is deﬁned rela-
tive to the chosen coordinate system. Using cylindrical coordi-
nates, a point on the elastomer initially located at (q, #, x3) is
moved by a system of external forces to the point (r, h, y3). A
moving curvilinear coordinate system is chosen to coincide with
the cylindrical polar coordinate system whereby x3 or y3 is theer. (b) Cross section of the dielectric elastomer.
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described by
r ¼ rðqÞ; h ¼ a#þ bx3; y3 ¼ c#þ dx3; ð1aÞ
where a, b, c, d are constants to be deﬁned by the allowable defor-
mations due to the surface tractions. For the inﬂation and shorten-
ing of a cylindrical dielectric elastomer, we can simplify Eq. (1a) by
a ¼ 1; b ¼ c ¼ 0; d ¼ k: ð1bÞ
The ﬁrst term in Eq. (1a) indicates that the deformed radial coordi-
nate is a function of the undeformed radial coordinate only. The sec-
ond and third terms satisfy the constraint of cylindrically
symmetric deformations.
In our previous work, the total stress of the dielectric elastomer
was deﬁned to have two components, an elastic contribution and
an electrical contribution. The dielectric is modeled as a continuum
placed in an electric ﬁeld subject to external surface tractions
(Eringen, 1962; Toupin, 1956). Thus, given some reference conﬁg-
uration the stress at a point in the deformedmedium is determined
by both the local elastic state of the medium and the electric ﬁeld.
The Maxwell stress describes the behavior of charged bodies in a
dielectric medium in the presence of an electric ﬁeld. The stress
in the dielectric medium is determined by a superposition of the
mechanical stress due to the local elastic state and the Maxwell
stress due to the electrostatic ﬁeld. The augmented Cauchy stress
is then expressed as
s ¼ sM þ se; ð2Þ
where sM is the Maxwell stress, and se is the mechanical portion of
the stress. Thus in the absence of an electric ﬁeld the total stress is
reduced to a purely elastic stress expression.
For a conservative system, the elastic Cauchy stress is derivable
from a strain energy function W that is a function of the deforma-
tion tensors. For an isotropic material,W is reduced to a function of
three strain invariantsW(I1, I2, I3). Further, if the material is incom-
pressible then the strain energy function is only a function of the
ﬁrst two strain invariants and I3 = 1. The strain invariants I1, I2
are then given by
I1 ¼ q
2
k2r2
þ r
2
q2
þ k2; I2 ¼ k
2r2
q2
þ k
2q2
k2r2
þ 1: ð3Þ
The change in the mechanical energy due to a mechanically induced
deformation deﬁnes the elastic stress. For an isotropic body the
strain energy function is constrained to forms consistent with the
deﬁnition
sij ¼ Ugij þWBij þ pGij; ð4Þ
where p is a material pressure, the stress tensor s ij is measured
with respect to the deformed conﬁguration, gij, Gij are the unde-
formed and deformed metric tensors, Bij relates the metric tensors.
The coefﬁcients in Eq. (4) are deﬁned as
U ¼ 2 oW
oI1
and W ¼ 2 oW
oI2
: ð5Þ
The incompressibility condition is expressed in the following con-
venient forms:
q ¼ krrq or q2 ¼ kr2 þ K; ð6Þ
where K is an integration constant. Restrictions on the form of the
strain energy function are correlated with the allowable forms of
deformation. For cylindrically symmetric deformations, the strain
energy function is effectively a function of a single variable – the de-
formed radial coordinate in this case. For suitable material symme-
try such that there are zero shear stress components, the remaining
components of the elastic stress tensor (subscript e) are given byr2s22e ¼ s11e þ
r2
q2
 q
2
k2r2
 
Uþ 1
k2
þ k
2r2
q2
( )
 r
2 þ q2k2
k2r2
( )" #
W;
ð7Þ
and
s33e ¼ s11e þ k2 
q2
k2r2
 
Uþ q
2
r2
þ k
2r2
q2
( )
 r
2 þ q2k2
k2r2
( )" #
W: ð8Þ
The dielectric elastomer is a rubbery elastic material. A Mooney–
Rivlin strain energy function is often used to model rubber-like
materials. It has the following form in terms of the strain invariants:
WðI1; I2Þ ¼ C1ðI1  3Þ þ C2ðI2  3Þ; ð9Þ
where C1, C2 are material constants to be determined from experi-
mental data, and I1, I2 are the strain invariants in terms of the de-
formed radius only. Uniaxial extension tests were performed in a
materials testing laboratory using natural rubber (latex) tubes
10.04 mm (outer radius) by 0.51 mm (thickness) by 30.6 mm
(length). Using this experimental data, the following values for
the material constants are obtained: C1 = 205.8 kPa and
C2 = 109.5 kPa. Using these values, a very good theoretical represen-
tation is achieved (see Fig. 3) for stretch values up to 1.8, well with-
in the range for practical actuator use. For a stretch up to 8, an Ogden
model is more suitable. For a three term Ogden model, the dimen-
sional model coefﬁcients are l1 = 35480.47 Pa, l2 = 10081.93 Pa,
l3 = 100810.93 Pa, and the dimensionless constants are k1 =
2.505, k2 = 0.5729 and k3 = 0.5729.
Application of a potential difference across the two electrode
surfaces of the elastomer creates a radial electric ﬁeld. The electro-
static part of the stress has a quadratic dependence on the electric
ﬁeld, which following Toupin’s approach is referred to as the Max-
well stress in the current investigation. For a homogenous, electri-
cally linear, isotropic dielectric, the electrical constitutive
relationship between the electric displacement D, the polarization
P, and the electric ﬁeld E is given by
D ¼ e0Eþ P ¼ e0erE ¼ eE; ð10Þ
where er is the relative permittivity, e0 is the vacuum permittivity,
and e is the dielectric constant. It should be noted that the electrical
constitutive relationship although restrictive is sufﬁcient for dielec-
tric elastomers. That is to say, it is assumed that the dielectric con-
stant is not dependent on the deformation of the material as would
be the case say for electrostrictive materials. The Maxwell stress is
then given by the expression
sM ¼ eE E eðE  EÞI2 : ð11Þ
The expression for the Maxwell stress is given in general tensor
form; note that its derivation is not limited to particular geometries.
For an in depth derivation and discussion of the Maxwell stress see
(Landau and Lifshitz, 1984; Maxwell, 1954; Schwinger et al., 1998).
Note that the constitutive formulation implies that for a single en-
ergy functional of the deformation gradients and the electric ﬁeld
(or polarization), objectivity requirements restrict the form of the
constitutive expression. Speciﬁcally, the objective measure of the
electric ﬁeld used is ER (where R is the rotation).
In this paper we are concerned with applying a potential differ-
ence across the radial thickness of a cylindrical actuator. The
resulting electric ﬁeld is radially distributed along the longitudinal
axis of the cylinder. In this case the electric ﬁeld vector in a cylin-
drical coordinate system has a single surviving component given
by Eq. (12). Gauss’s law for a cylindrical conﬁguration relates the
charge enclosed by a Gaussian surface to the electric ﬁeld (or ﬂux).
Thus, the electric ﬁeld is deﬁned in terms of the charge per unit
length v and the radial coordinate r in Eq. (12). The potential dif-
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Fig. 3. Fit of strain energy function to force versus stretch experimental data for uniaxial extension of McKibben rubber tubes.
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a radial line r from the inner surface A1 to the outer surface A2.
Combining the two expressions, we derive the electric ﬁeld in
terms of the voltage in Eq. (14):
E ¼ v
2pe0err
er; ð12Þ
V ¼ v
2pe0er
Z A2
A1
1
r
dr ¼ v
2pe0er
ln
A2
A1
 
; ð13Þ
E ¼ V
ln½A2=A1r er: ð14Þ
Given that the base vectors that describe the change of a position
vector along the coordinate curves from a material point are (gi,
Gi). The contravariant components of the Maxwell stress tensor
are then obtained from Eq. (11) as follows:
sijM ¼ Gi  sMGj; where : s11M ¼
eE2
2
; s22M ¼
eE2
r22
; and s33M ¼
eE2
2
;
ð15Þ
where e = e0er. Evaluating the square of the electric ﬁeld at the inner
and outer cylindrical surfaces located at A1, A2 yields the following
values:
E2A1 ¼ V2
1
h2
þ 1
A1h
 3ðA
2
1 þ 2A1hÞ
ð6A21  3A1hþ 2h2Þ2
þ   
 !
;
E2A2 ¼ V2
1
h2
 1
A1h
þ 36
121ðA1 þ hÞ2
þ   
 !
ð16Þ
where h is the deformed thickness of the membrane. Given that the
thickness of the membrane is very small in comparison to the ra-
dius, only the ﬁrst term of each series is retained and substituted
into Eq. (15). Note that this form is identical to the often presumed
approximation for the electric ﬁeld E = V/h, where h is the distance
between the electrodes. The total stress in a dielectric elastomer is
deﬁned as a linear combination of the symmetric elastic stress ten-
sor and the symmetric Maxwell stress tensor (Goulbourne et al.,
2005). It follows that the total stress in the dielectric elastomer s
has the following nonzero components obtained by summing the
principal components of the elastic stress tensor (Eqs. (7) and (8))
and the Maxwell stress components (Eq. (15)):
r2s22 ¼ s11þ r
2
q2
 q
2
k2r2
 
Uþ 1
k2
þk
2r2
q2
( )
 r
2þq2k2
k2r2
( )" #
W½e0erE2
( )
;
ð17Þs33 ¼ s11þ k2 q
2
k2r2
 
Uþ q
2
r2
þk
2r2
q2
( )
 r
2þq2k2
k2r2
( )" #
W½e0erE2
( )
;
ð18Þ
where E is the electric ﬁeld corresponding to a voltage V applied
across the wall thickness of the tube, e0 is the vacuum permittivity,
and er is the relative permittivity.
The Cauchy equilibrium equations for an electro-elastic med-
ium for zero body forces can be expressed in the form
sijki ¼ 0; ð19Þ
where the stress tensor is referred to the curvilinear coordinates in
the deformed body. In this equation, the double bar indicates covar-
iant differentiation with respect to the deformed coordinates using
the metric tensor. The angular momentum balance equations are
satisﬁed by the symmetry of the total stress tensor (Toupin,
1956). Employing Eq. (1), the equations of equilibrium are reduced
to the single expression
os11
or
þ s
11  r2s22
r
¼ 0: ð20Þ
In this section, the constitutive equations for dielectric elastomers
were presented. Using these expressions, the Cauchy equilibrium
equations for tubular conﬁgurations with an applied radial electric
ﬁeld were determined. In the next two sections, expressions for ﬁ-
ber geometry and ﬁber tension will be derived.
2.4. Fiber geometry
In this section, we derive the geometrical expressions that de-
scribe the constraints on the actuator’s deformation caused by
the ﬁber network. Consider the pure extension and inﬂation of a
cylindrical actuator, which is reinforced by a network of inextensi-
ble cords or ﬁbers illustrated in Fig. 4. The inner and outer cylindri-
cal surfaces of the undeformed reinforced tube actuator are
described by q = a1 and q = a2. The cord layer can be placed any-
where between and including these bounds. Here we consider
two sets of helical ﬁbers in a single layer coinciding with the outer
bounding layer of the cylindrical tube, that is to say, in the surface
qi = a1, where the subscript i refers to the cord layer. Thus, for the
single layer considered here i = 1. In the deformed state the bound-
ing surfaces initially located at a1,a2 move to A1,A2, respectively,
and the points located by the radial coordinate q move to r. Fur-
fiber 1
L
r
fiber2
fiber 1fiber2
y33
L 0
L
L 0
ρ
α
β
δ
β
i
ni
22
ni33
Ti
Fig. 4. (Left) Surface element depicting geometrical parameters and the ﬁber tension of the ﬁber network. (Right) Deformation of a segment of a reinforced elastomer
membrane.
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gitudinal axis of the cylinder described by
x3 ¼ qi# cotai þ c; ð21Þ
where c is a constant not to be confused with the deformation con-
stant c previously assigned the value of zero. After deformation, the
ﬁbers describe the helical paths
y3 ¼ ðkqi cotaiÞ#þ ck ¼ ðkqi cotaiÞhþ ck: ð22Þ
where k is the axial stretch. It follows from Eq. (22) that each ﬁber of a
given family in a single layer therefore cuts the generator of the surface
at a constant angle ai. We consider two independent ﬁber families in
theﬁber layer such that the second family cuts thegeneratorof the sur-
face at the constant equivalent angleai as long as the paths described
by Eq. (22) are not simultaneously occupied by both families. It is also
assumed that the radial positions of the ﬁber families coincide,
although this is not exactly the case – the assumption is reasonable.
Two-ﬁber braids are considered since they are readily available and
since the proposed actuator is inspired by the McKibben actuator,
which employs a two-ﬁber helical braid. Different ﬁber braid geome-
tries is perhaps something that could be investigated in the future.
In the analysis, the ﬁbers are considered to be perfectly coinci-
dent with the electro-elastic material such that there is no relative
motion between the two during the deformation. The effect of the
cords is tomodify the elastic deformationof thedielectric elastomer.
In the conﬁguration studied here the dielectric elastomer is relieved
of one degree of freedom (Green and Adkins, 1970; Rivlin, 1949). In
other words, the deformation of the entire composite is subject to
the constraints introduced by the presence of the ﬁbers in addition
to other geometrical considerationspreviously expressed. Theﬁbers
initially at an angle ai deform to the new angle biwith respect to the
surface generator in the undeformed and deformed conﬁgurations,
respectively. Therefore, resolving components of a length element
along the helical ﬁber path, the segments:
ðdsÞ cosai ¼ dx3; ðdsÞ sinai ¼ qiðd#Þ; ð23Þ
become
ðdsÞ cosbi ¼ ðdy3Þ ¼ kðdx3Þ; ðdsÞ sin bi ¼ riðdhÞ
¼ riðd#Þ þ bðdx3Þ; ð24Þ
after the deformation. Using these expressions, the ﬁber inextensi-
bility constraint is obtained in the following form:
r2i ðsinaiÞ2 þ ðkqi cosaiÞ2 ¼ q2i ; ð25Þwhere we append the incompressibility condition with the follow-
ing expression in the layer of ﬁbers:
q2i ¼ kr2i þ K: ð26Þ
where K is an integration constant.
From these expressions we can generate a family of geometrical
solutions for a known ﬁber angle and radius of the initial conﬁgu-
ration. Note that axial stretch values less than one indicate a con-
traction. It should be noted that the expressions are general
enough to consider conﬁgurations with ﬁber networks not coinci-
dent with the outer surface, where a smooth external surface may
be of value for example.
2.5. Fiber tension
In a single family of ﬁbers, stress resultants nrsi in the ﬁbers arise
due to the deformation of the electro-elastic material and edge re-
straints. A surface element showing the relationship between dif-
ferent ﬁber parameters are illustrated in Fig. 4. The ﬁbers are
inextensible and ﬂexible and always carry a positive tension si
when the composite is deformed, that is to say, the unstable states
described by negative values of the ﬁber tension are disallowed in
this analysis. Consistent with Green and Adkin’s formulation, the
distance between adjacent cords is denoted by di, and the parame-
ter ri = si/di is a constant (Green and Adkins, 1970). The transverse
and axial stress resultants are obtained by resolving the ﬁber ten-
sion in a given layer i
n22i ¼ li3si sin bi ¼
ririðsinai þ kqi cosaiÞ2
kqi
; ð27Þ
n33i ¼ li2si cos bi ¼
riðkqi cosaiÞ2
kqiri
; ð28Þ
where li2 and li3 are the number of cords per unit length that cross a
line of latitude and a line coincident with the surface generator,
respectively. Since we consider two families of ﬁbers in a single
layer, similar expressions are generated for the second ﬁber family.
Thus, the stress resultants for the single layer containing both cord
families are obtained by individually summing Eqs. 27,28 for each
family.
2.6. Resultant forces
The resultant forces acting on the cylindrical actuator are deter-
mined in this section following the approach discussed in (Green
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layer as separate shells. The electro-elastic material is in equilib-
rium with respect to the surface tractions of the ﬁbers and exter-
nally applied surface tractions; the ﬁber layer is in equilibrium
with respect to the adjacent electro-elastic material. All forces
are considered positive if directed outward from the surface and
are measured per unit deformed area. The normal components of
the external surface tractions on the surfaces q = a1,q = a2 are R1,
and R2, respectively. Similarly, the normal components of the
forces acting at the boundary adjoining the elastic material and
the cord layer at q = qi are Pi1,Pi2, where the second subscript (1
or 2) denotes the boundary closest to or at the surface q = a1,
q = a2, respectively. Thus, for a single ﬁber layer on the outermost
surface of the cylinder, q = q2 and the normal force is P12.
Although the present formulation is concerned with a single ﬁ-
ber layer, the force derivation is given in general form and subse-
quently applied to the case of interest. Recalling the equilibrium
equation (Eq. (20)) and integrating along the radial coordinate
yields
s11 ¼
Z r
r0
ðr2s22  s11Þ
r
dr þ s110 ;
s11 ¼
Z r
r0
f1ðrÞdr þ s110 ;
ð29Þ
where f1(r) is obtained by comparing the two expressions, and s110 is
the stress component at r0. For multiple ﬁber layers spaced
throughout the electro-elastic material, equilibrium is enforced in
each section. Therefore, for n cord layers (n 6 4 to preserve at least
one degree of freedom), Eq. (29) applied to each section yields
R1 ¼
Z A1
r1
f1ðrÞdr þP11;
Pi2 ¼
Z ri
riþ1
f1ðrÞdr þPiþ1;1 where ði ¼ 1;2; . . . ;n 1Þ;
Pn2 ¼
Z rn
A2
f1ðrÞdr þ R2;
ð30Þ
As previously indicated, there is a limitation on the number of allow-
able ﬁber layers. For a continuousdeformation, six independent com-
ponents of the strain tensor are needed, which represent six
functionally independent relationships between the components.
Incompressibility places a geometrical constraint on the relationship
between the strain components thus reducing thedegrees of freedom
by one. Each layer of inextensible ﬁbers takes away a degree of free-
dom. Consequently, more than four layers in an incompressible solid
would make it impossible for the solid to deform. In this analysis we
consider a singleﬁber layer in the composite. At r = ri, theﬁber layer is
in equilibriumwhere the applied forces include (i) a resultant radial
force (or pressure)Pi1  Pi2 at the sharedboundaries and (ii) the ten-
sion in the ﬁbers. Treating the ﬁber layer as a ﬂexible shell of negligi-
ble thickness, the radial equation of equilibrium from elastic
membrane theory is applicable Green and Adkins, 1970 and is given
by
j1T1 þ j2T2 ¼ P; ð31Þ
where j1,j2 are the curvatures, T1,T2 are the resultant membrane
stresses and P is a pressure differential. Writing the resultant radial
force as P =Pi1 Pi2, the curvatures for a cylindrical conﬁguration
are given by the relations j1 = 1/ri,j2 = 0, and the resultant mem-
brane stress is the resolved radial contribution from Eq. (27) and
T1 ¼ n22i . The radial equilibrium equation in the ﬁber layer r = ri is
then expressed as
riðPi1 Pi2Þ ¼ rirði sinai þ kqi cosaiÞ2=kqi; where ði¼ 1;2; . . . ;nÞ:
ð32ÞIt is important to note that since the ﬁbers are thin r is regarded as a
continuous function of q and there is no discontinuity in crossing
the surfaces bounded between q = a1,q = a2 orr = A1, r = A2, respec-
tively. On the other hand, discontinuities do arise in the principal
stresses due to the presence of the ﬁber layer. Speciﬁcally, s110 can
have a different value on either side of the ﬁber layer (Green and
Adkins, 1970). Combining Eqs. (29) and (30) yields
R1  R2 ¼
Z A1
A2
f1ðrÞdr þ
Xn
s¼1
n22s
rs
;
R1 Pi1 ¼
Z A1
ri
f1ðrÞdr þ
Xi1
s¼1
n22s
rs
; wherewhere ði ¼ 2; . . . ;nÞ;
Pi2  R2 ¼
Z ri
A2
f1ðrÞdr þ
Xn
s¼iþ1
n22s
rs
; where ði ¼ 1; . . . ; n 1Þ:
ð33Þ
The electrostatic Maxwell stress effect is implicit in the above equa-
tions. It should be noted that the voltage-induced component of the
deformation is accounted for by writing the total stress in the
dielectric elastomer as the combination of the elastic stress and
the Maxwell stress (Eqs. 17,18). Also, recall that the external
mechanical forces consist of an inﬂation pressure and a axial load.
The inﬂation pressure is obtained by solving the equilibrium equa-
tion (Eq. (20)). The load N3 is calculated from the associated stress
as follows:
N3 ¼ ðh1  h2Þ
Z r1
r2
rs33dr; ð34Þ
In the next section, we tailor the equations developed in this section
for a cylindrical dielectric elastomer reinforced with two ﬁber fam-
ilies on the outermost cylindrical surface.3. Problem formulation
Consider a cylindrical dielectric elastomer reinforced with a sin-
gle layer of inextensible, ﬂexible ﬁbers. The mechanical loading
consists of an inﬂation pressure and an axially suspended load. If
there are two ﬁber families within the ﬁber layer, n = 2 in the cord
equations of Section 2. For a cylindrically consistent deformation,
the variables a, b, c, d and K have the same constant values
throughout the entire reinforced actuator. Further, if the ﬁber layer
coincides with the outer layer we can write the following simplify-
ing relations
q1 ¼ q2 ¼ q0 ¼ a1; r1 ¼ r2 ¼ r0 ¼ A1;
a1 ¼ a2 ¼ a; b1 ¼ b2 ¼ b;
r1 ¼ r2 ¼ r:
ð35Þ
Making use of the incompressibility constraint, the geometrical
constraints are conveniently expressed as
K sin2 a ¼ q20ðk 1Þ½ðk2 þ kþ 1Þ cos2 a 1;
K ¼ q2ð1 kl2Þ ¼ q20ð1 kl20Þ;
ð36Þ
where the ratio of the radial coordinates can be written as
l ¼ r=q and l0 ¼ r0=q0: ð37Þ
Since there are two ﬁber families in the ﬁber layer, the ﬁber stress
resultants from Eqs. 27,28 are given by
n221 þ n222 ¼
2r0r sin2 a
kq0
; n331 þ n332 ¼
2kq0r cos2 a
r0
: ð38Þ
The radial equation of equilibrium given by the ﬁrst expression in
Eq. (33) yields
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Z A1
A2
f1ðrÞdr
 
kq0
2 sin2 a
: ð39Þ
In this case, the resultant axial force is given by Eq. (34) as
N3 ¼ h1h22
Z A1
A2
½2f 3ðrÞ rf1ðrÞrdrþA21R1A22R2þ2
X2
i¼1
r0n33i 
X2
i¼1
r0n22i
( )
;
N3 ¼p
Z A1
A2
½2f 3ðrÞ rf1ðrÞrdrþA21R1A22R2þ
2rq0
k
ð3k2 cos2a1Þ
 
; ð40Þ
where f3(r) is obtained by comparing Eq. (18) with the relation
s33 ¼ s11 þ f3ðrÞ: ð41Þ
The deformation state considered here is produced by an inﬂation
pressure, an applied voltage and a axial force. In this case, the axial
force and the ﬁber tension are calculated by setting R1 = 0 and
R2 =  P in Eqs. 39, 40 and using the following forms of f1(r),f3 (r):
f1ðrÞ ¼ 1r
r2
q2  q
2
k2r2
n o
Uþ 1
k2
þ k2r2q2
n o
 r2þq2k2
k2r2
n oh i
W
þ½r2ðe0erE2Þ
2
4
3
5; ð42Þ
f3ðrÞ ¼
k2  q2
k2r2
n o
Uþ q2r2 þ k
2r2
q2
n o
 r2þq2k2
k2r2
n oh i
W
þ½ðe0erE2Þ
8<
:
9=
;: ð43Þ0
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Fig. 5. Axial force vs. axial stretch for a McKibben elastic tube (0 V).4. Results
In this section, numerical solutions are obtained for a reinforced
cylindrical dielectric elastomer subject to a constant inﬂation pres-
sure, voltage, and a tensile (axial) force. For zero electric ﬁeld, the
model describes the response of a McKibben actuator. This case is
used to validate the model. In both cases, a Mooney–Rivlin strain
energy function is used to describe the elastic behavior of the
cylindrical tube.
There are two approaches that can be used to obtain solutions
using the system equations derived in the previous section: (1) de-
ﬁne the deformation and solve for the corresponding external force
system, or (2) deﬁne the applied forces and solve for the corre-
sponding deformation state. In the current analysis, we employ
the ﬁrst approach whereby solutions are obtained for a given ﬁber
angle and initial tube geometry. Speciﬁcally, the longitudinal
stretch k (i.e. shortening) is given and the geometrical relations
and constraints satisﬁed to render the ratio l = r/q of the deformed
and undeformed radii. Note that axial stretch values less than one
indicate a contraction. Solutions are also limited to positive ﬁber
tension values since negative values would indicate instabilities
in the system.
Consider a reinforced elastic tube using helically wound ﬁbers
that cut the generator of the surface at an angle of p/4 rad. The
dielectric elastomer has the following geometry: inner radius
q2 = 8.7 mm, outer radius q1 = 9.65 mm, and a radial thickness
h = 0.95 mm; these values are reasonable for McKibben actuators.
The ﬁber network coincides with the outer radius of the cylinder
at q1 = 9.65 mm. The reinforced dielectric elastomer is subjected
to an inﬂation pressure, applied voltage, and an axial force. The
relationship between the axial (axial contraction) force and the
shortening (axial stretch) for different pressure values is shown
in Fig. 5 for zero applied voltage. The pressure is varied between
150 and 500 kPa. The results were calculated using the Mooney–
Rivlin material constants for a rubber McKibben actuator,
C1 = 205.8 kPa and C2 = 109.5 kPa. These results coincide with the
expected results for McKibben actuators, that is to say, the rela-
tionship is bilinear and the response increases for higher pressurevalues. McKibben actuators of this size are actuated with a pres-
sure on the order of 500 kPa resulting in a maximum axial shorten-
ing force (zero shortening) up to 1.5 kN. With zero axial shortening
the maximum axial force lies between 450 and 1500 N.
To illustrate the validity of the model, Fig. 6 shows a compari-
son between the numerical calculations and Klute’s experimental
results Klute, 2000. The model captures the response very well
for small strains up to about 10% contraction strain. The numerical
disparity at larger strains is likely due to limiting the deformations
to cylindrically symmetric conﬁgurations. It is also likely, that if
the experiment is not properly controlled that some twisting could
occur (a deformation mode not permitted in the current model)
and also measurement errors could arise due to dynamically
changing the applied load. Nonetheless, this comparison conﬁrms
the usefulness of the modeling approach to solving our problem
of interest. Thus, at this stage further reﬁnement would lead to
more numerical accuracy but will not provide further insight into
the fundamental response characteristics which are of primary
interest in this paper.
Ultimately, it is the electro-elastic deformation response that is
sought in this analysis. Fig. 7 shows the relationship between axial
force and axial shortening for different pressure values when the
applied voltage is 2000 V. The range of pressure values used is 5–
30 kPa. The braid angle is 0.25 rad. The results were calculated
using the Mooney–Rivlin material parameters for a silicone dielec-
tric elastomer. In this case, the ﬁrst Mooney–Rivlin material con-
stant is C1 = 21 kPa, the material ratio is C2/C1 = c = 0.49, and the
dielectric constant is 2.3. Silicone ﬁlms used to make dielectric
elastomer actuators are much thinner (90 lm) than the rubber
ﬁlms commonly used in McKibben actuators. As expected, at a gi-
ven axial stretch, larger force values are attained for larger pressure
values. For example, at a mechanical pressure of 30 kPa the axial
force is approximately 200 N when the shortening is 0.9, whereas
for an inﬂation pressure of 5 kPa the axial force is 30 N.
In Fig. 8, the effect of the applied voltage on the response of the
actuator is given for a constant inﬂation pressure of 5 kPa and a ﬁ-
ber angle of 0.25 rad. The range of voltages considered is 0 V–
10 kV, which is a reasonable range for dielectric elastomers. The
force versus stretch behavior is bilinear for the voltage range con-
sidered and for the assumed strain energy function used. The ﬁgure
shows that the force versus stretch relationship increases for
increasing applied voltage. The relative upward shift of the curves
is nonlinear, which can be seen by comparing the curves at 0 V and
3.5 kV, with the curves at 3.5 and 7 kV. This is to be expected since
the elastomer is nonlinear elastic and the electro-elastic deforma-
tion has a quadratic dependence on the electric ﬁeld. The ﬁgure
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This means that for a given applied voltage, the axial stretch for a
given contraction force is maximum for the largest applied voltage.
For example, at a given pressure the maximum shortening stretch
is obtained at 10 kV.A comparison of Figs. 7 and 8 shows that pressure has a much
stronger impact on the deformation response compared to voltage.
Notwithstanding this observation, pneumatic actuation is not
desired due to difﬁcult control issues, noise, and bulky equipment
required for supplying pressure changes in high pressure applica-
tions. Nevertheless, for small pressure vessels, these disadvantages
would be reduced if not eliminated. Fiber reinforcement and pres-
sure ‘preload’ are employed to counter the low force output of tra-
ditional dielectric elastomer actuators. Fig. 8 illustrates that the
deformation response can be systematically altered using voltage.
Fig. 9 shows the relationship between the axial force and the
stretch of the reinforced dielectric elastomer for different initial
ﬁber angles calculated for a voltage of 2 kV and an inﬂation pres-
sure of 5 kPa. The behavior is fairly linear for the ﬁber orientations
considered here, where the allowable ﬁber angles are restricted by
the geometrical constraints previously derived. The trend indicates
that a larger ﬁber angle reduces the slope of the force versus
stretch curve. The degree of maximum shortening is also decreased
for larger ﬁber angles. The results of Figs. 8 and 9 indicate that the
applied voltage and the initial ﬁber angle are important parame-
ters that signiﬁcantly affect the deformation response of the
actuator.
The numerical procedure is implemented such that only solu-
tions that render positive values for the ﬁber tension are accepted.
Physically, this satisﬁes the assumption that the ﬁbers are always
taut and are never slack. Since the ﬁbers carry a signiﬁcant amount
of tension, another important design consideration is to ensure
that the ﬁber network is capable of withstanding the ﬁber tensions
for the desired operating range.
5. Summary
In this paper, a mathematical model describing the deformation
response of ﬁber reinforced cylindrical dielectric elastomer actua-
tors was developed. The dielectric elastomer was reinforced by a
network of ﬂexible, thin, inextensible ﬁbers helically wound
around the cylindrical axis. In its perceived mode of actuation, an
inﬂation pressure and an applied voltage applied across the tube
thickness results in axial shortening and radial expansion of the
actuator. This novel conﬁguration offers a number of improve-
ments over unreinforced cylindrical dielectric elastomer actuators
and other conﬁgurations due to the increased actuation force and
the ability to contract versus extend when actuated. This new actu-
ation mode mimics natural muscle contractions which facilitates
the application of these actuators in prosthetics and soft robotics.
The theoretical model was developed by adapting Green and Ad-
1052 N.C. Goulbourne / International Journal of Solids and Structures 46 (2009) 1043–1052kins large deformation theory for reinforced elastic cylinders for
the case of electro-elastic cylinders. The new contributions to their
model are the electrostatic Maxwell stress components. The result-
ing electro-elastic stress tensor and the stress resultants of the
ﬁber network coupled with the geometrical constraints form a sys-
tem of equations that can be solved for the actuation force as a
function of the axial stretch. The axial stretch range studied was
less than or equal to one, indicating axial contraction. Solutions
were calculated for ﬁber reinforced dielectric elastomer actuators
using material properties for silicone in an assumed Mooney–Riv-
lin strain energy function. The results indicate that the contraction
force versus shortening relationship is bilinear. The parameters
that most affected the deformation response were found to be acti-
vation pressure, ﬁber angle and the voltage. Interestingly, one of
the problems that plague McKibben actuators is the difﬁculty of
controlling the pressure when used as the primary actuation
source (Reynolds et al., 2003). The availability of a contractile actu-
ator with high strain, medium force output would have far-reach-
ing effects not only in soft robotics but also in prosthetic research
where artiﬁcial muscles that mimic natural muscle in function and
form are highly desired.
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